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Examination Instructions

The exam is assessed with a grade of Pass with distinction (VG), Pass (G) or Fail (U)
based on how well your solutions demonstrate that the grading criteria for the course
objectives have been met. Each task can give up to 6 points, a total of 36. For G-grade,

a total of at least 18 points is required, for VG-grade at least 28.

To pass the examination with G-grade: Your answer to the tasks must be concise, but
sufficiently detailed and formulated so that the line of thought can be easily followed.
Some degree of calculation error can be acceptable, as long as the layout and motiva-
tion is correct. An answer, for example, with out any motivation, however, will not be
accepted. Numerical values can be entered as expressions, suitably simplified, where root
expressions, logarithms and exponential expressions can be included in addition to pure

numbers, if needed.

In order to pass the exam with distinction (VG-grade): Your answer is required to be well-
grounded and followed well-constructed mathematical reasoning that leads to a correct
answer or conclusion. The answers must be well formulated and analysed, and draw rele-

vant conclusions about the nature of the solutions in a logical and consistent manner.

The following course goals will be assessed on this examination:

e explain the central concepts and methods in discrete mathematics treated in the

course,

e show good familiarity with integers and modular arithmetic, and in particular show
some familiarity with the Euclidian algorithm, Fermat’s little theorem, Euler’s the-

orem and solve problems where they may be used,

e describe different graph theoretical relations, algorithms and their applications, e.g.

graph searching, Kruskal’s and Dijkstra’s algorithms,

e analyze discrete mathematical structures and determine their characteristics using
mathematical reasoning; typical examples of such structures are relations, graphs

and trees,

e identify problems which can be solved by methods from discrete mathematics, and

choose suitable methods and apply them in a structured way.

Good Luck!
YA



Examination tasks

Write your solutions on separate paper. Use new sheet for each task.

1. (a) Let the universal U set be the set of non-negative integers < 100. Given the

sets
A={zeU|z=8 (mod 16)} and
B ={y € U| the HEX representation of y contains atleast one C}.
i. List all elements of B. (2p)
ii. How many elements are there in the intersection 24 N 257 (2p)

(b) Determine the expressions A + B* - C' and 2A — C* that can be calculated. If
no expression can be calculated, justify why. (2p)

The matrices are

1 2 0
—2 1 -1 —2 3 2 ~
A— 0  Fe 1 0 . e 1
=3 0 0 2 -1 3 -1 0 5
0 1 2

2. (a) Let p,q and 7 be logical statements. Assume the the expressions (—qV p) A —r
and —pA (rV —q) are both True. Find the truth value of the logical expressions:

(3p)
(mpAT)Vq) & (=g — (=7 VD))

(b) Let z,y and z be the logical statements. (3p)
e p: Grizzly bears have been seen in the area.
e ¢: Hiking is safe on the trail.
e r: Berries are ripe along the trail.
i. Describe the following statement using p, q, r and logical connectives.

It is not safe to hike on the trail, but grizzly bears have not been seen in

the area and the berries along the trail are ripe.

ii. Translate the expression into a statement:

r— (g & —p).



3. (a) The the integer z such that 0 < z < 21 and z = 23 (mod 21). (3p)

(b) The congruence equation (3p)
z =2mod 3
z =3 mod 4
r =4 mod 7

has a solution modulus m. Determine m and express all solutions of the con-

gruence equation modulus m.

4. (a) Construct the Binary tree for the following expression given in post order: (2p)

43 04 29 — + 600 6 / x

(b) Given the graph (2p/subtask)

i. Find a Hamiltonian path for the underlying graph.

ii. Determine the shortest path from node a to d.

Figur 1: Task 4b
5. (a) Construct a relation R defined on the set A = {1,2,3,4,5} that is transitive
and symmetric, but not reflexive. (2p)

(b) Construct the matrix representation of a relation S defined on the set A =

{1,2,3,4,5} that is symmetric and anti-symmetric, but not reflexive. ~ (2p)



(c) Let R and S be relations whose relation matrices are defined by

" -
00011
11101
100111
11001
Mp = and Mg=1[11 0100
11110
001011
0 0101
11001

Determine the matrix representation for the composition relations R o S, R?

and S o R, or justify why the operation cannot be formed. (2p)

Define the Euler totient function (Euler ¢-function). If p is a prime, and k is a

positive integer, find a formula for ¢(p¥). (3p)

A binary search tree is a searching algorithm that uses the principle that
all the numbers (nodes) in the left subtree are smaller than the numbers in
the right subtree, with the number in the root in between. The same property
applies also to each subtree. Use this searching algorithm to construct a binary

tree for the sequence

101 27 17 203 156 52 240.
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Formula Sheet

Logic
p_|~p plq|pAqlpVqg | p=2qg|Peq
1 0 1|1 1 1 1 1
0 1 110 0 1 0 0
0|1 0 1 1 0
0[]0 0 0 1 1
Some set theoretic and logical relations or properties
Set theoritical rules Logical Equivalences
Dubble Complement (A =AC=4A P P
Complement/negation ANA =0 pA—p &0
AUA =U pv-pel
Idempotent AnNA=A PAD ©p
AUA=A pVp©p
Commutative laws ANB=BnNnA PAGQ ©qAD
AUB=BUA pvVge qVyp
Associative laws AnBnNnC)=(AnB)NnC pA(@QAT) © (pAgQ) AT
Au(BuUC)=(AUuB)UC pv(Vvr)e (pvg Vvr
Distributive laws AN(BUC)=(ANBUMANC) |pr@gvr)e AV ipAT
AUBNC)=(AUB)n (AUC) |pv@Aar)e v A(pVvr)
DeMorgan rules (AU B)® = A°n B° -(pVvVqg) © pA-gq
(AN B)¢ = A°U B° ~(pAq) © -pV g
A\B = AnB* p2qge&pVyg
Definitions and some operations on logic and set theory
Power set 24 ={B|B c A4}
Cartesian product AX B ={(a,b)la € A and b € B}
Quantifiers Ix There exists x
vx For all x
=(VxP(x)) © 3x(=P(x))
=(3xP(x)) © Vx(=P(x))
Matrices

Given matrices (or Boolean matrices) A = (ai j) and B = (b;;). We have the following operations as
long as compatibility criterions are satisfied:

Matrix A + B = (ai}- + bU)
addition/subtraction

Matrix multiplication | A - B = (¢;;), where ¢;; = aj1byj + ajzby; + -+ + ayby;

Boolean conjunction | AAB = (a;; A b;;)

Boolean disjunction | AV B = (a;; V b;)

Boolean product AOB= (Cij)’ where Cij = (ail A blj) \% (aiz A sz) VeV (aik A by;

Some properties:

Commutative rule A+B=B+ A

Associative rules A+(B+C)=(A+B)+C
A-(B-C)=(A-B)-C

Distributive rule A-(B+C)=A-B+A-C

Transpose and matrix operations (A+B)t =A"+B*
(A-B)t =Bt At




Arithmetic

The following rules of arithmetic apply for all integers a, b and c.

o Commutativerules:ia+b=b+a a-b=b-a

o Associativerules: (a+b) +c=a+ (b+c) (@a-b)-c=a-(b-c)

o Distributiverule:a-(b+c)=a-b+a-c

o (a+b)®>=a?+2ab+b? (a +b)3 =a®+3a?b + 3ab? + b3

o a’-b?=(a-b)(a+bh) a®+ b3 = (a+b)(a® ¥ ab + b?)
The second-degree equation ax? + bx + ¢ = 0, where a # 0 has a solution x = — 2% + L;;i‘ﬁ'

Modular arithmetic

o (a; +ay) = (b + by)(modn).
e (a; —ay) = (by — by)(mod n).
e (a;-ap) = (b - by)(modn).

If a; = b;(mod n) and a, = b,(mod n), then | If a = b(mod n) and m € Z, then

e m-a=m-b(modn).
o a™ = p™(mod n) for all integers m > 0.

Euler totient function

If 1,02, .-, Dy are the prime factors of n, then ¢p(n) =n (1 — ;17) (1 - i) (1 - —1-).

The Chinese remainder theorem:

If my, ..., my, are pairwise relatively prime integers,

D2

then the system of linear equations

X = a, (mod my)
x = a, (mod m,)

X =ay Gnod my)

have a solution x = ¥X_, a;y;M; (mod M), where

o M = né‘:lml"
o M;= % and
L
oy =M (modm)

Relation and functions
Let R: A > A be arelation on aset A. Then R is

e reflexive if (x,x) € R for all x € A.
o symmetricif (x,y) € R - (y,x) €ER.

o antisymmetric if [(x,y) ERA (y,x) ER] > x =y.
o ransitive if [(x,y) ERA (y,z) ER] - (x,2) ER.

Let /i A — B be a function from a set A to a set B. Then f is

e injective (one-to-one) if f(a,) = f(a,) - a; = a,.
e surjective (onto) if (Vb € B)(3a € A) (f(a) = b).
e bijective (one-to-one correspondence) if f is both injective and surjective.




